Introduction
In this paper, we study examples of Poisson-Hopf stacks and their quantization. Enriquez and Halbout [2008] considered quantization of a Lie bialgebra (LBA). As an outcome, they constructed a functor from the category of Lie bialgebra to the category of quantized universal enveloping algebras (QUE). Our goal here is to study the objects dual to Lie bialgebras and their quantizations.
There are two kinds of duality map we can apply to a Lie bialgebra: One is to consider the algebra of functions on G. We obtain a direct sum γ∈ ᏻ γ of formal functions on G, with Poisson structures translated by . When is not a finite group, the coproduct maps ᏻ γ to an infinite sum. In general, γ∈ ᏻ γ is a Poisson algebra but does not have a Hopf algebra structure because an infinite sum appears in the coproduct. Nevertheless, we will still call γ∈ ᏻ γ a PoissonHopf algebra. (We do have a collection of Poisson algebras and Poisson morphisms MSC2000: primary 17B37; secondary 58H05. Keywords: stack, Poisson, Hopf, Lie bialgebra. Tang is partially supported by NSF grant 0604552, and thanks Institut de Mathématiques et de Modélisation de Montpellier for its hospitality. γ,γ : ᏻ γγ → ᏻ γ ⊗ ᏻ γ that satisfy coassociativity rules). A quantization of such a Poisson-Hopf algebra defines the function algebra on a quantum group. We refer to [Majid and Soȋbel'man 1994] for examples of quantum Weyl groups, and [Enriquez and Halbout 2008] for quantization in the general case.
In this paper, we apply a duality map different from the function dual above. We study the structures on the dual group G * by applying the Drinfeld functor to a universal enveloping algebra. We discover a stack of Poisson formal series Hopf algebras (PFSHA as defined in Section 1) dual to a Lie bialgebra; this duality is similar to the one between Lie bialgebras and Poisson-Lie groups. Then we study deformation quantization of this stack. We construct the deformation quantization by applying the Drinfeld functor to a quantized universal enveloping algebra, and obtain a stack of quantized formal series Hopf algebras (QFSHA). We summarize our results in a commutative diagram:
Let be a discrete group, G a simply connected Lie group and g its Lie algebra. Suppose that g is a Lie bialgebra (or equivalently that G is a Poisson group), that is, a Lie algebra (g, µ g ) together with a Lie cobracket δ e , an action of , θ : → Aut(g, µ g ) and f : → 2 (g) a map satisfying compatibility rules such that acts on the double. Precise definitions and equivalent categories corresponding to these objects will be recalled in Section 1. Examples of Lie bialgebras arise when G is a Poisson-Lie group with Lie bialgebra (g, µ g , δ g ), and ⊂ G is a discrete subgroup. Another example is when g is a Kac-Moody Lie algebra g, and is a covering of the Weyl group of g. In the latter case, a quantization was given [Majid and Soȋbel'man 1994] . Quantization of a general Lie bialgebra was done in [Enriquez and Halbout 2008] , as we will review in Section 1.
What structure does one get on the corresponding dual groups? Considering the function algebra of a formal group, we get a trivial stack of Poisson-Hopf algebras. In Section 3, we prove that we get a nontrivial stack of Poisson algebras of functions on the formal Poisson-Lie group G * dual to a Poisson-Lie group G. To do so, we will construct "lifts" of the elements ( f (γ)) γ∈ in the function algebra on G * . In Section 2, we recall basic definitions of stacks and explain our main results.
In Section 4, we construct quantization of these nontrivial Poisson-Hopf stacks. To do so we use quantization [Enriquez and Halbout 2008] of a Lie bialgebra. To deduce from it a quantization of a nontrivial Poisson-Hopf stack, we use the Drinfeld functor and prove that quantization of the elements ( f (γ)) γ∈ can be made "admissible", that is, they will give quantizations of the corresponding "lifts".
Finally, in Section 5, we give an explicit example corresponding to the case where G is a simple Lie group and is a covering of the corresponding Weyl group. In this case, quantization of Majid and Soȋbel'man [1994] will lead to an explicit quantization of the nontrivial Poisson-Hopf stack.
Our results fit very well within Bressler, Gorokhovsky, Nest and Tsygan's framework [Bressler et al. 2007 ] of deformation quantization of gerbes. On one hand, our results provide interesting examples of quantization of stacks; on the other, the problems we deal with in this paper are more special and complicated because we need to treat Hopf algebra structure. In [Kirillov and Reshetikhin 1990] and [Soȋbel'man 1991] quantum Weyl groups are used to study R-matrices, and we hope that the results in this paper will shed a light on the general R-matrices.
Lie bialgebras and equivalent categories
We recall some results of [Enriquez and Halbout 2008] .
Lie algebras. A group Lie algebra is a triple ( , g, θ g ), where is a group, g is a Lie algebra and θ g : → Aut(g) is a group morphism. It is the infinitesimal version of a action on a group G. Group Lie algebras form a category.
If is a discrete group, a Lie algebra is a pair (g, θ g ) such that ( , g, θ g ) is a group Lie algebra. Lie algebras form a subcategory of group Lie algebras. Such a Lie algebra will be said to be the infinitesimal of a group G.
A group cocommutative bialgebra is a triple ( , U, i), where is a group, U is a cocommutative bialgebra, U = γ∈ U γ is a decomposition of U and i : k → U is a bialgebra morphism, such that
γ and i is compatible with the grading.
We then define a cocommutative bialgebra as a pair (U, i) such that ( , U, i) is a group cocommutative bialgebra. cocommutative bialgebras form a category.
The category of group (or ) cocommutative bialgebras contains as a full subcategory the category of group (respectively ) universal enveloping algebras, where (U, , i) satisfies the additional requirement that U e is a universal enveloping algebra.
Let ᏻ be a commutative algebra (in a symmetric monoidal category ) with a decomposition ᏻ = γ∈ ᏻ γ . Suppose that ᏻ γ ᏻ γ = 0 for γ = γ and that we have algebra morphisms
satisfying axioms such that these morphisms add up to a bialgebra structure on ᏻ when is finite. Then we define a group commutative bialgebra (in a symmetric monoidal category ) as a triple ( , ᏻ, j), where is a group and j : ᏻ → k is a morphism of commutative algebras compatible with the gradings and the maps γ γ on both sides. We define commutative bialgebras as above. Define the category of group (or ) formal series Hopf (FSH) algebras as a full subcategory of the category of group (respectively ) commutative bialgebras in = {provector spaces} by the condition that ᏻ e (or equivalently, each ᏻ γ ) is a formal series algebra. Such an FSH algebra corresponds to functions on the formal dual group of a group G. Proposition 1.1 [Enriquez and Halbout 2008] . (1) We have (anti)equivalences of categories {group Lie algebras} ↔ {group universal enveloping algebras}
where the last map is an antiequivalence.
(2) If is a group, these (anti)equivalences restrict to
We denote the universal enveloping algebra corresponding to a Lie algebra
. It is isomorphic to U (g)⊗k as a vector space. If we denote by x → [x] and γ → [γ] the natural maps g → U (g) and → U (g) , then the bialgebra structure of U (g) is given by
When is finite, the corresponding FSH algebra is then (U (g) k ) * , and in general, this is γ∈ (U (g) ⊗ kγ) * .
Lie bialgebras.
) is a Lie bialgebra, and
Group Lie bialgebras form a category. When is fixed, one defines the category of Lie bialgebras as above. A co-Poisson structure on a group cocommutative bialgebra ( , U, i) is a co-
cocommutative bialgebras form a category. Co-Poisson group universal enveloping algebras form a full subcategory of the latter category. One defines the full subcategories of co-Poisson cocommutative bialgebras and co-Poisson enveloping algebras as above.
A Poisson structure on a group commutative bialgebra ( , ᏻ, j) is a Poisson bialgebra structure { · , · } : Example. Let G be a Poisson-Lie (for example, algebraic) group, and let ⊂ G be a subgroup (which we view as an abstract group). We define θ γ := Ad(γ), where
Example. Let (g, r g ) be a quasitriangular Lie bialgebra and let θ : → Aut(g, t g ) be an action of on g by Lie algebra automorphisms preserving t g := r g + r 2,1 g . If we set f γ := θ ⊗2 γ (r ) − r , then (g, θ, f ) is a Lie bialgebra (we call this a quasitriangular Lie bialgebra). For example, g is a Kac-Moody Lie algebra, and = W is a covering of the Weyl group of g; see [Majid and Soȋbel'man 1994] . (2) The (anti)equivalences above restrict to category (anti)equivalences
) is a Lie bialgebra, then the co-Poisson structure on
Quantization of Lie bialgebras. In a symmetric monoidal category , let a graded bialgebra be a bialgebra A (in ) equipped with a grading
Assume that A is a graded bialgebra in the category of topologically free k [[h] ]-modules and that A is quasicocommutative in that A 0 := A/h A is cocommutative. Then we get a co-Poisson structure on A 0 . It is graded in that
. We therefore get a classical limit functor, class, from { -graded quasicocommutative bialgebras} to { -graded co-Poisson bialgebras}. Definition 1.4. A quantization functor for Lie bialgebras is a functor {co-Poisson universal enveloping algebras} → { -graded quasicocommutative bialgebras}, which is right inverse to class.
Assume that (g, θ, f ) is a Lie bialgebra. Let (U e , * , e ) be the EtingofKazhdan quantization of (g, δ); we will denote the multiplication by m e . We get this from [Enriquez and Halbout 2008] :
• v e,γγ ,γγ γ * v e,γ,γγ = v e,γ,γγ γ * i −1 e,γ (v γ,γγ ,γγ γ ). Here to make the formulas shorter we have chosen to write the above equations with e being the unit of the group ; however, the formulas are still valid if we replace e by any other element of the group and multiply γ, γγ and γγ γ on the left by this element.
We then get a quantization of the Lie bialgebra by setting
There are unique linear maps m : U ⊗2 → U and :
The unit for U is [1|e], and the counit is the map [x |γ] → δ γ,e ε(x).
Proposition 1.6 [Enriquez and Halbout 2008] . This defines a bialgebra structure on U , quantizing the co-Poisson bialgebra structure induced by (g, θ, f ).
Stacks and main results
It is well known that the semiclassical limit of a quantum group is a PoissonLie group. In this paper, we attempt to answer, What is the semiclassical limit corresponding to a " coboundary quantum group"? We hope to say that this semiclassical object is a "stack" of Poisson-Lie groups G * over the classifying stack B of the group . Toward this, we construct a stack of Poisson-Hopf algebras over the groupoid (a transformation groupoid associated to the right action on ) and also a quantization of such a stack. Because of the existence of the twisted cocycle, we expect that such an algebroid stack is not trivial. We also hope that our construction will eventually lead to a complete description of the semiclassical limit of a -coboundary quantum group.
• a sheaf of rings A i on every U i ,
• an isomorphism of sheaves of rings G i j :
• an open cover M = U i refining both {U i } and {U i },
• isomorphisms H i : A i → A i on U i , and
Inspired by Definition 2.1, we define a stack over a discrete groupoid. Let G be a discrete groupoid with its unit space G 0 .
Definition 2.2. A stack on G consists of
• a collection of rings A x on every point x of G 0 ,
• an isomorphism of sheaves of rings T g :
where s, t are the source and target maps of G, and
• an invertible element c g 1 ,g 2 ∈ A s(g 1 ) for every pair of composable arrows in G such that
, where by Ad(c g 1 ,g 2 ) we mean the conjugation operator on A s(g 1 ) associated to the invertible element c g 1 ,g 2 , and
One can generalize the equivalence between stacks of Definition 2.1, but we omit the details here.
Our main result will involve the notion of a stack of Poisson-Hopf algebras.
Definition 2.3. A stack of Poisson-Hopf algebras over a discrete groupoid G is
, where by Ad(c g 1 ,g 2 ), we mean the conjugation operator on A s(g 1 ) associated to the invertible element c g 1 ,g 2 , and (2) c g 1 ,g 2 c g 1 g 2 ,g 3 = T g 1 (c g 2 ,g 3 )c g 1 ,g 2 g 3 for every triple of composable arrows
In what follows, we consider the groupoid defined by the action of on itself by right multiplication. As is discrete, is a discrete groupoid. We will use (γ, γγ ) to denote an arrow in mapping from γ to γγ . The product of a pair of composable arrows (γ, γγ ) and (γγ , γγ γ ) in is (γ, γγ γ ). For our main results, we associate an Poisson-Hopf algebra ᏻ G * γ to each point γ in the unit space of , and we will prove the existence of a stack of Poisson-Hopf algebras over the groupoid .
Theorem 2.4. Associated to a coboundary Lie bialgebra ( , g, θ g , δ g , f ), there is a stack of Poisson-Hopf algebras over the groupoid .
To be compatible with the result of Proposition 1.5, we will mainly prove the following results.
• There is a set
• Associated to each arrow (γ, γγ ) in , there is a Poisson morphism j γ,γγ from ᏻ G * γ to ᏻ G * γγ .
• Associated to a pair of composable arrows (γ, γγ ) and (γγ , γγ γ ) in , there is an element u γ,γγ ,γγ γ of ᏻ G * γ satisfying relations
γ,γγ ,γγ γ ) is the conjugation operator associated to u −1 γ,γγ ,γγ γ with respect to the Baker-Campbell-Hausdorff product γ , and (2) u γ,γγ γ ,γγ γ γ γ u γ,γγ ,γγ γ = u γ,γγ ,γγ γ γ γ j −1 γ,γγ (u γγ ,γγ γ ,γγ γ γ ).
With the above data
γ,γγ and c (γ,γγ ),(γγ ,γγ γ ) ∈ ᏻ G * γ to be u −1 γ,γγ ,γγ γ , then we can easily check that we do obtain a stack of Poisson-Hopf algebras over satisfying Definition 2.2. We will then prove the existence of a stack of Hopf algebras quantizing this stack of Poisson-Hopf algebras:
Theorem 2.5. There is a stack of Hopf algebras quantizing the stack of PoissonHopf algebras over defined in Theorem 2.4. Namely, we have a collection of the following data: 2
• ‫ށ(‬ γ , * γ ) γ∈ , which are deformation quantizations 3 of the Poisson algebras
• algebra morphisms i γ,γγ : ‫ށ‬ γ → ‫ށ‬ γγ , and
• elements v γ,γγ ,γγ γ of ‫ށ‬ γ such that ev γ,γγ ,γγ γ := exp(v γ,γγ ,γγ γ /h) satisfy relations (1) i γ,γγ γ = i γγ ,γγ γ • i γ,γγ • Ad(ev −1 γ,γγ ,γγ γ ) and (2) ev γ,γγ γ ,γγ γ γ * γ ev γ,γγ ,γγ γ = ev γ,γγ ,γγ γ γ * γ i −1 γ,γγ (ev γγ ,γγ γ ,γγ γ γ ). From our setup in this section, one can see that the facts that is a group and that we have a transformation groupoid are not crucial in our construction. It is natural to expect a more general theory for quantization of a G-coboundary Lie bialgebras with G a discrete groupoid or even just category.
3. A stack of Poisson bialgebras of functions on the formal group G * Let (g, θ g , δ g , f ) be a Lie bialgebra. In this section we will construct a stack of Poisson bialgebras of functions on a formal Poisson group G * .
Notations. Let (g, δ) be a Lie bialgebra. Let (U (g), 0 , δ) be its corresponding cocommutative co-Poisson bialgebra, which can be seen as the dual of the function algebra of the formal Poisson-Lie group G corresponding to (g, δ). In the same way, we will define ᏻ G * as the commutative Poisson-Hopf algebra of functions of the formal Poisson-Lie group G * corresponding to the dual Lie bialgebra g * . We define by m G * ⊂ ᏻ G * the maximal ideal of this ring. If k is an integer ≥ 1, we denote by ᏻ (G * ) k the ring of formal functions on (G * ) k , by m (G * ) k its maximal ideal, and by m i (G * ) k the i-th power of this ideal. If f, g ∈ m 2
(G * ) k , then the series
Similarly to what we did for Theorem 2.4, we will take the inverse of i γ,γγ and ev γ,γγ ,γγ γ to construct the corresponding data for the stack of Hopf algebras.
3 Deformation quantization here means that ‫ށ‬ γ /h‫ށ‬ γ = ᏻ G * γ , and 1
is convergent, where i≥1 B i (x, y) is the Baker-Campbell-Hausdorff (BCH) series specialized to the Poisson bracket of m 2 (G * ) k . The product defines a group structure on m 2 (G * ) k . A useful technical lemma was proved in [Enriquez et al. 2003 [Enriquez et al. , page 2477 for m g * and is still true for m G * :
Lemma 3.1. For any k ≥ 1 and n ≥ 2, f, h ∈ m 2 (G * ) k and g ∈ m n (G * ) k , one has
is a Lie bialgebra we thus get a collection of Lie bialgebras and so a collection (ᏻ G * γ , m γ , γ , { · , · } γ ) γ∈ of Poisson bialgebras. We will denote by γ the corresponding BCH products.
"Lifts" and functional equations. We will now construct "lifts"f γ,γγ ∈ m ⊗2 G * of the elements 2 (θ γ )( f γ ), γ, γ ∈ that will satisfy similar relation as F γ,γγ in Proposition 1.5. The proof in this subsection is a direct generalization of the results in [Enriquez and Halbout 2007] , and some parts are transcribed almost verbatim. If f ∈ ᏻ ⊗n G * and P 1 , . . . , P m are disjoint subsets of {1, . . . , m}, one defines f P 1 ,...,P n using the coproduct of ᏻ G * : Definition 3.2. If I 1 , . . . , I m are disjoint ordered subsets of {1, . . . , n}, (U, ) is a Hopf algebra, and a ∈ U ⊗m , we define
is the morphism corresponding to the map {1, . . . , i |I i |} → {1, . . . , n} taking (1, . . . , |I 1 |) to I 1 , (|I 1 | + 1, . . . , |I 1 | + |I 2 |) to I 2 , and so on.
When U is cocommutative, this definition depends only on the underlying sets I 1 , . . . , I m . Proposition 3.3. Let γ, γ be in . Then there existsf γ,γγ in m ⊗2 G * , the image of which in g ⊗2 under the square of the projection m G * → m G * /m 2 G * = g equals 2 (θ γ )( f γ ), and such that
The elementf γ,γγ is unique up to the action of m 2 G * by λ·f = λ 1 γ λ 2 γf γ (−λ) 12 . We will callf a twist for γ .
Proof. Let us constructf γ,γγ by induction, by constructing a convergent sequencẽ
, where m N (G * ) 3 is the N -th power of m (G * ) 3 . When N = 3, we takef 2 to be any lift of 2 (θ γ )( f γ ) to m ⊗2 G * ; then (1) is automatically satisfied.
Let N be an integer no less than 3; assume that we have constructedf N in m (using Lemma 3.1).
Let us denote by
meaning that α is a cocycle for the subcomplex (S >0 (g) ⊗· , d) of the co-Hochschild complex. By using [Drinfeld 1989, Proposition 3.11] , one proves that the k-th cohomology group of this subcomplex is k (g), and that the antisymmetrization map coincides with the canonical projection from the space of cocycles to the cohomology group. For N = 3, the equations of Definition 1.2 imply Alt(α 3 ) = 0, and hence α 3 is the coboundary of an element β 3 ∈ (S >0 (g) ⊗2 ) 3 , and α N for N > 3 is the coboundary of an element β N ∈ (S >0 (g) ⊗2 ) N since the degree N part of the cohomology vanishes. We then setf N +1 :=f N + β N , where
(G * ) 3 ). The sequence (f N ) N ≥2 has a limitf , which then satisfies (1). The second part of the theorem can be proved in the same way or by analyzing the choices for β N in the proof above.
Isomorphism of formal Poisson groups G * γ G * γγ . Proposition 3.4. Let γ, γ ∈ and let G * γ and G * γγ be the formal Poisson-Lie groups associated to the corresponding Lie cobrackets. There exists an isomorphism of Poisson algebras j γ,γγ : ᏻ G * γ ᏻ G * γγ .
Proof. Let P :
2 (ᏻ G * γ ) → ᏻ G * γ be the Poisson bracket on ᏻ G * γ corresponding to the Lie-Poisson Poisson structure on G * γ . Then (ᏻ G * γ , m 0 , P, γ ) is a Poisson formal series Hopf (PFSH) algebra; it corresponds to the formal Poisson-Lie group G * γ equipped with its Lie-Poisson structure.
Setf γ,γγ γ (a) =f γ,γγ γ γ (a) γ (−f γ,γγ ) for any a ∈ ᏻ G * γ . It follows from the fact thatf γ,γγ satisfies Equation (1) 
Let us denote by PFSHA and LBA the categories of PSFH algebras and Lie bialgebras. We have a category equivalence c : PFSHA → LBA, taking (ᏻ, m, P, ) to the Lie bialgebra (c, µ, δ), where c := m/m 2 (here m ⊂ ᏻ is the maximal ideal), the Lie cobracket of c is induced by − 2,1 : m → 2 (m), and the Lie bracket of c is induced by the Poisson bracket P : 2 (m) → m. The inverse of the functor c takes (c, µ, δ) to ᏻ =Ŝ(c) equipped with its usual product; depends only on δ and P depends on (µ, δ).
Then c restricts to a category equivalence c fd : PFSHA fd → LBA fd of subcategories of finite-dimensional objects (in the case of PFSH, we say that ᏻ is finite-dimensional if and only if m/m 2 is).
Let dual : LBA fd → LBA fd be the duality functor. It is a category antiequivalence; we have dual(g, µ, δ) = (g * , δ t , µ t ). Then dual •c fd : PFSHA fd → LBA fd is a category antiequivalence. Its inverse is the usual functor g → U (g) * . If G is the formal Poisson-Lie group with Lie bialgebra g, one sets ᏻ G = U (g) * .
Let us apply the functor c to (ᏻ G * γ , m 0 , P,f γ,γγ γ ). We obtain c = m/m 2 = g; the Lie bracket is unchanged with respect to the casef γ,γγ = 0, so it is the Lie bracket of g; the Lie cobracket is δ γγ (
Then applying dual •c fd to (ᏻ G * γ , m 0 , P,f γ,γγ γ ), we obtain the Lie bialgebra (g * , δ γγ ). So this PFSH algebra is isomorphic to the PFSH algebra of the formal Poisson-Lie group G * γγ . Let us call such a PFSH algebra morphism j γ,γγ . In particular, the Poisson algebras ᏻ G * γ and ᏻ G * γγ are isomorphic. Remark 3.6. We have proved a result stronger than the existence of a Poisson algebra morphism j γ,γγ : ᏻ G * γ ᏻ G * γγ . This morphism intertwines the coproducts as
Composition of equivalences.
Lemma 3.7. For γ, γ in , the element ( j ⊗2 γ,γγ ) −1 (f γγ ,γγ γ ) γfγ,γγ is a solution of the equation
Proof. One can check this directly. Notice thatf γγ ,γγ γ is a twist for γγ . Therefore ( j ⊗2 γ,γγ ) −1 (f γγ ,γγ γ ) is a twist for
Accordingly the element ( j ⊗2 γ,γγ ) −1 (f γγ ,γγ γ ) γfγ,γγ is a twist for γ .
Note that the image of ( j ⊗2 γ,γγ ) −1 (f γγ ,γγ γ ) γfγ,γγ under the square of the projection
Thanks to Proposition 3.3, there exists an element u γ,γγ ,γγ γ in 1 + m 2 G * such that
Finally, in the previous section, we defined j γ,γγ , j γγ ,γγ γ and j γ,γγ γ such that
By the equivalence c fd between the category PFSHA fd and LBA fd , we get
γ,γγ ,γγ γ ).
Cocycle relation for the u γ,γγ ,γγ γ .
Proposition 3.8. For any γ, γ , γ , γ in , we have u γ,γγ γ ,γγ γ γ γ u γ,γγ ,γγ γ = u γ,γγ ,γγ γ γ γ j −1 γ,γγ (u γγ ,γγ γ ,γγ γ γ ).
Proof. To shorten the notation, we will writef 1,2 forf γ,γγ ,f 2,3 forf γγ ,γγ γ and so on, and the same for the j · ,· and the u · ,· ,· . We will omit the BCH product γ and write for the product γγ , 0 for the coproduct γ , and for the coproduct γγ . We will also write j ( · ) instead of j ⊗2 ( · ) when no confusion is possible. We have by definitionf 1,4 0 u 1,3,4 = u Using now that j
where u = u 1,3,4 u 1,2,3 . On the other hand, we havẽ
Using the Poisson algebra morphism j 1,2 and that j 1,2 (f 2,4 )f 1,2 , using (4) we get
where u = u 1,2,4 j −1 1,2 (u 2,3,4 ). Then (3) and (5) imply that if w = u(u ) −1 , theñ f 1,4 0 (w) = wf 1,4 , and so if w = j 1,4 (w), then 0 (w ) = w . Recall that w ∈ 1 + m 2 G * by similar properties of u i, j,k . Suppose that w = 1 and set i ≥ 2 the largest possible i such that w is in 1 + m i G * but not in 1 + m i+1 G * . Let w be the projection of w in m i G * /m i+1 G * . The relation 0 (w ) = w implies that w is in g and so in m 1 G * which is a contradiction. Thus we have proved that w = w = 1 and so that u = u .
Quantization
Duality of QUE and QFSH algebras. In this subsection, we recall some facts from [Drinfeld 1987] , whose proofs can be found in [Gavarini 2002 ]. Let us denote by QUE the category of quantized universal enveloping (QUE) algebras and by QFSH the category of quantized formal series Hopf (QFSH) algebras. We denote by QUE fd and QFSH fd the subcategories corresponding to finite dimensional Lie bialgebras.
We have contravariant functors
These functors are inverse to each other. Here U * is the full topological dual of U , that is, the space of all continuous (for theh-adic topology)
where ᏻ is equipped with the m-adic topology (here m ⊂ ᏻ is the maximal ideal). We also have covariant functors
These functors are also inverse to each other. Here U is a subalgebra of U , while
If a is a finite-dimensional Lie bialgebra and U = Uh(a) is a QUE algebra quantizing a, then U * = ᏻ A,h is a QFSH algebra quantizing the Poisson-Lie group A, with Lie bialgebra a, and U = ᏻ A * ,h is a QFSH algebra quantizing the Poisson-Lie group A * , with Lie bialgebra a * . If now ᏻ = ᏻ A,h is a QFSH algebra quantizing A, then ᏻ • = Uh(a) is a QUE algebra quantizing a, and ᏻ ∨ = Uh(a * ) is a QFSH algebra quantizing a * .
We now compute these functors explicitly in the case of cocommutative QUE and commutative QFSH algebras. If U = U (a) [[h] ] with cocommutative coproduct (where a is a Lie algebra), then U is a completion of U (ha [[h]] ); this is a flat deformation ofŜ(a) equipped with its linear Lie-Poisson structure. If G is a formal group with function ring ᏻ G , then ᏻ := ᏻ G [[h] ] is a QFSH algebra, and ᏻ ∨ is a commutative QUE algebra; it is a quantization of S(g * ), with a commutative product, a cocommutative coproduct, and a co-Poisson structure induced by the Lie bracket of g.
Proof that "twists" can be made admissible.
Definition 4.1. An element x in a QUE algebra U is admissible if x ∈ 1+hU , and ifh log x is in U ⊂ U .
In this subsection, we will prove that for γ, γ in , the twist F γ,γγ defined in Proposition 1.5 is twist equivalent to an admissible one.
Proposition 4.2. Let F γ,γγ be the element in U ⊗2 introduced in Proposition 1.5. Then there exists elements b γ,γγ in U such that
is admissible.
Proof. Let us denote F 0 = F γ,γγ . We will follow the proof of [Enriquez and Halbout 2007, Proposition 5.2] . Let us construct b = b γ,γγ as a product · · · b 2 b 1 , where b n ∈ 1 +h n U 0 , so that if
0 ; here U 0 denotes the augmentation ideal.
We have alreadyh log(
0 is the co-Hochschild differential. It follows that f 1 = r + d(a 1 ) for some a 1 ∈ U (g) 0 .
Then if we set b 1 := exp(ha 1 ) and
0 . Assume that for n ≥ 2, we have constructed b 1 , . . . , b n−1 such that
Let us recall two technical lemmas from [Enriquez and Halbout 2007] :
In the same way, the quotient ( 
By Lemma 4.4, the image of this equality in (U
Since n ≥ 2, the relevant cohomology group vanishes, so α = d(β), where β ∈ U (g) 0 /(U (g) 0 ) ≤n+1 . Let β ∈ U (g) 0 be a representative of β and set
According to Lemma 4.4, the image of α n in
0 , as required. This proves the induction step.
The proof of Theorem 2.5. Thanks to the previous subsection, we now know that there exists an element b γ,γγ in U such that b γ,γγ F γ,γγ := b ⊗2 γ,γγ F γ,γγ γ (b −1 γ,γγ ) is admissible. Let us define γ,γγ . Clearly, F γ,γγ , i γ,γγ and v γ,γγ ,γγ γ still satisfy the conclusion of Proposition 1.5.
Applying the functor QUE → QFSH explained on page 112 to the algebras (U γ , γ , γ ), we get algebras (U γ , * γ , γ ), which are quantizations of the Poisson algebras (ᏻ G * γ , { · , · } γ ). Since the twists F γ,γγ are admissible, the algebra morphisms i γ,γγ restrict to the QFSH algebras U γ . Then Theorem 2.5 will follow from this:
Proposition 4.5. The elements v γ,γγ ,γγ γ are admissible.
Proof. Let us denote v = v γ,γγ ,γγ γ . Suppose v is not admissible and let n be the bigger i such that α 0 :=h log(v) ∈ U 0 +h n+1 U 0 . By the assumption on v, we know that n ≥ 2. Let us denote by α the image of the class of α 0 in U (g) 0 /(U (g) 0 ) ≤n+1 under the isomorphism of this space with (U 0 +h n+1 U 0 )/(U 0 +h n+2 U 0 ); see Lemma 4.3. Let α ∈ U (g) 0 be a representative of α. Then α 0 = α +h n+1 α, where α ∈ U 0 +h n+2 U 0 . Let f , f and f be respectively theh logs of F γ,γγ , F γγ ,γγ γ and F γ,γγ γ . Then the compatibility equation for composition of twists gives
According to Lemma 4.4, the image of this equation in
is d(α) = 0. So α ∈ g, which is a contradiction with n ≥ 2.
Example of simple group with action of the Weyl group
Quantization of Majid and Soȋbel'man. We start by briefly recalling Majid and Soȋbel'man's approach [1994] to the quantum Weyl group. Let g be a complex simple Lie algebra, and let Uh(g) be the natural deformation of the universal enveloping algebra U (g). Lustig [1990] and Soȋbel'man [1991] first independently noticed that a simple reflection w in the Weyl group W of g defines an automorphism α w on Uh(g). Then one can extend Uh(g) by elements w with α w (g) = wgw −1 for all simple reflections in W . The extended algebra is called the "quantum Weyl group" and denoted by Uh(g). In [Kirillov and Reshetikhin 1990] and [Soȋbel'man 1991] , this algebra is used to construct explicit solutions to the Yang-Baxter equation.
Majid and Soȋbel'man also discovered the bicrossed product structure on Uh(g). For 1 ≤ i, j ≤ rank(g), let w i be simple reflections in W , and let t j be elements in the maximal torus corresponding to φ j −1 0 0 −1 with φ j : sl 2 → g embedding to the j-th vertex of the Dynkin diagram. Then define W to be the group generated by w i and t j , which is a covering of the Weyl group W with the kernel isomorphic to the direct sum of k-copies of ‫ޚ‬ 2 , where k = rank(g). The quantum Weyl group Uh(g) is proved in [Majid and Soȋbel'man 1994, Corollary 3.4 ] to be isomorphic to the bicrossed product k W ψ α,χ Uh(g), defined in terms of linear maps α : Uh(g) ⊗ k W → U q (g), a ⊗ wt → t −1 α w (a)t,
Here, x is an element in Uh(g) such that α w 1 w 2 (α w 1 (t 1 )t 2 ) = α w 1 t 1 α w 2 t 2 Ad x −1 with x ∈ Uh(g).
Proposition 5.1. The quantum Weyl group Uh(g) is a quantization of the = W Lie bialgebra (g, [ · , · ], δ), where (g, [ · , · ], δ) is the Lie bialgebra structure on g corresponding to the deformation Uh(g), and W acts on g as the Weyl group (t acts on g by adjoint action), and f γ = 2 (γ) • δ • γ −1 − δ for γ ∈ W .
Proof. Inspired by the above bicrossed product structure on Uh(g), we introduce the quantized universal enveloping algebras for = W generated as follows:
• Set (Uh(g) γ , m γ , γ ) = (Uh(g), m, γ ), where m is the canonical multiplication on Uh(g) and γ = α( · , γ) ⊗2
• Ad(ψ(γ)) • • α −1 ( · , γ) with the canonical coproduct on Uh(g).
• Define i γ,γγ : (Uh(g), m γ ) → (Uh(g), m γγ ) by i e,γ = α( · ⊗γ) : Uh(g) → Uh(g) and i γ,γγ = i e,γ .
• Set F e,γ ∈ Uh(g) ⊗2 equal to ψ(γ) and put F γ,γγ = F e,γ . By [Majid and Soȋbel'man 1994, Lemma 3 .3], we have α i ) is symmetric, the antisymmetrization of f 1 is equal to the antisymmetrization of the first order term of ( i ) −1 21 , which is equal to the definition of f w i by the asymptotic expansion of i . This result extends to an arbitrary element γ simply because w i generates W .
• Set v e,γ,γγ = χ (γ, γγ ) ∈ Uh(g) ⊗2 . By the definition of χ (γ, γγ ), we can choose v to be an element in 1 +h 2 Uh(g) because the α action is associative up to theh-linear terms by [Kirillov and Reshetikhin 1990, Formula (13) ] and [Levendorskiȋ and Soȋbel'man 1990, Prop 1.4.10] .
It is easy to check that the cocycle conditions for α, χ , ψ, and their compatibilities are equivalent to the conditions for (Uh, m, γ , i γ,γγ , F γ,γγ , v γ,γγ ,γγ γ ) to be a = W quantized universal enveloping algebra. Therefore, the corresponding quantized universal enveloping algebra is isomorphic to Uh(g).
Admissibility of the twists.
Corollary 5.2. The twists F γ,γγ and v γ,γγ ,γγ γ defined in Proposition 5.1 are admissible. Therefore, the quantum Weyl group defines a stack of formal series Hopf algebras quantizing the corresponding stack of Poisson-Hopf algebras dual to ( W , g, [ · , · ], δ, f γ ).
Proof. We look at the formulas for F e,wt . By the one for ψ, if w i is a simple reflection, then F e,w i t = e The first term is primitive as H i is primitive, and the second termh log(( i ) −1 12 ) is primitive becauseh log( i ) is primitive, which was proved in [Enriquez and Halbout 2003, Theorem 0.1] . Therefore, we conclude that F e,w i t is admissible when w is a simple reflection. This property extends to a general element γ directly by products.
By Proposition 4.5, we also know that v is admissible because F is admissible. We conclude the corollary by Theorem 2.5.
